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In a recent paper, we included two-loop, relativistic one-loop, and second-order relativistic tree level cor-
rections, plus leading nonperturbative contributions, to obtain a calculation of the lower states in the heavy
quarkonium spectrum correct up to, and including,O(as

4) and leadingL4/m4 terms. The results were obtained
with, in particular, the value of the two-loop static coefficient due to Peter; this has been recently challenged
by Schröder. In our previous paper we used Peter’s result; in the present one we now give results with
Schröder’s, as this is likely to be the correct one. The variation is slight as the value ofb1 is only one among
the various O(as

4) contributions. With Schro¨der’s expression we now havemb55001266
1104 MeV,

m̄b(m̄b
2)54454229

145 MeV, mc518662133
1215 MeV, m̄c(m̄c

2)515422104
1163 MeV. Moreover, G(Y→e1e2)51.07

60.28 keV(expt51.32060.04 keV) and the hyperfine splitting is predicted to beM (Y)2M (h)
547213

115 MeV.

PACS number~s!: 14.40.Gx, 12.38.Bx, 12.38.Lg, 13.20.Gd
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I. INTRODUCTION

In a recent paper@1#, hereafter denoted by PYI, we evalu
ated the heavy quarkonium spectrum to orderas

4. The ingre-
dients for the calculation were the one-loop corrections@2# to
the static potential, and its first- and second-order contri
tions to the spectrum, the relativistic and mixed relativisti
one-loop @3# corrections, the two-loop corrections to th
static potential, and the leading nonperturbative correcti
@4#. The two-loop correction to the static potential used w
that calculated by Peter@5#, but the calculation of Peter ha
recently been challenged by Schro¨der @6#. In this last refer-
ence, the result of Peter’s is checked for all pieces except
of the contributions to theCA

2 coefficient, where an error in
Peter’s evaluation is pointed out. In the present paper
give the results of the calculation using the Schro¨der results.
Note that the variation isvery small; the reason is that th
two-loop static potential is only one of the several contrib
tions to theO(as

2) calculation. For example, using the valu
of the two-loop coefficient found by Peter, we found

mb55015270
1110 MeV, mc518842133

1222 MeV ~P!
~1.1a!

to which correspond the modified minimal subtracti
scheme~MS! masses1

m̄b~m̄b
2!54467230

149 MeV,

m̄c~m̄c
2!515582104

1170 MeV ~P!.

1These values are slightly different from the ones displayed
PYI due to an error in the formula relating the pole andMS masses
used in Titard and Yndura´in @3# and in PYI, as communicated to u
by K. G. Chetyrkin. See Eq.~2.4! for the corrected formula.
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With Schröder’s result, one now has

mb55001266
1104 MeV,

m̄b~m̄b
2!54454229

145 MeV ~S! ~1.1b!

and, for thec quark,

mc518662133
1215 MeV,

m̄c~m̄c
2!515422104

1163 MeV ~S!. ~1.1c!

For the leptonic decay of theY and the hyperfine split-
ting, the results with Schro¨der’s value ofb1 are

G~Y→e1e2!51.0760.28 keV ~expt51.32060.04 keV!

and

M ~Y!2M ~h!546.6212.7
114.8 MeV.

They are almost identical to those obtained before.

II. EFFECTIVE POTENTIAL

We follow the method of effective potentials and th
renormalization scheme of Ref.@3#. The Hamiltonian for
quarkonium is

H5H ~0!1H1 , ~2.1a!

where

n
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H ~0!52m1
21

m
D2

CFãs~m2!

r
,

ãs~m2!5as~m2!H 11S a11
gEb0

2 D D as~m2!

p

1FgES a1b01
b1

8 D
1S p2

12
1gE

2 D b0
2

4
1b1G as

2

p2 ~2.1b!

and will be solved exactly.H1 is

H15Vtree1V1
~L !1V2

~L !1V~LL !1Vs.rel1Vspin, ~2.1c!

where the explicit expression forH1 can be found in PYI.
The running coupling constant has to be taken to three lo
a1 was calculated in Ref.@1# and has been checked by ind
pendent calculations; the only discrepancy lies in the va
of the coefficient2 b1 . According to Peter@5#,

b15
1

16H F4343

162
16p22

1

4
p41

22

3
z~3!GCA

22F1798

81

1
56

3
z~3!GCATFnf2F55

3
216z~3!GCFTFnf

1
400

81
TF

2nf
2J .24.30, ~2.2a!

while Schröder @6# gives

b15
1

16H F4343

162
14p22

1

4
p41

22

3
z~3!GCA

22F1798

81

1
56

3
z~3!GCATFnf2F55

3
216z~3!GCFTFnf

1
400

81
TF

2nf
2J .13.2. ~2.2b!

Although the difference between the two lies only in o
piece of the coefficient of116 CF

2, a 4p2 vs a 6p2, the Schro¨-
der result makes the two loop correction much smaller~and
hence the overall calculation more believable!. We present
here results with Eq.~2.2b! since they are the ones mo
likely to be correct@moreover, results with Eq.~2.2a! can be
found in PYI#.

It is to be noted thatall the dependence onb1 is contained
in ãs , Eq. ~2.1b!.

A last comment concerns the renormalization scheme.
have followed Ref.@3# in renormalizing a, in the MS

2For the values of the constants other thanb1 entering above
formulas, cf. PYI.
07750
s.

e

e

scheme; but the massm that appears in Eqs.~2.1! is the
two-loop pole mass. That is to say, it is defined by the eq
tion,

S2
21~p”5m,m!50, ~2.3!

whereS2(p” ,m) is the quark propagator to two loops. On
can relatem to theMS parameter, also to two-loop accurac
using the results of Ref.@7#:

m̄~m̄2!5mH 11
CFas~m2!

p
1~K22CF!S as

p D 2J 21

,

K~nf54!.12.5, K~nf53!.13.0. ~2.4!

Nonperturbative corrections are not included in Eqs.~2.1!;
they will be incorporated later.

III. ENERGY SHIFTS, ORDER as
4, L4Õm4

Taking into account the expression for the Hamiltonia
Eq. ~2.1!, we write

Enl52m2m
CF

2 ās
2

4n2 1(
V

dV
~1!Enl1dV

i
L

~2!
Enl1dNPEnl .

~3.1!

We define generally the analogue of the Bohr radius,

a~m2!5
2

mCFãs~m2!
.

The explicit expression for the differentdV
(1)Enl , dV

1
(L)

(2)
Enl ,

anddNPEnl can be found in PYI, Here we just mention th
the dominant nonperturbative corrections for very hea
quark-antiquark systems are associated with the gluon c
densatê asG

2&. Becausê asG
2&;L4, dNPEnl is of order

(L/m)4. Besides the corrections included in Eq.~3.1!, there
are a few pieces of the higher order perturbative and non
turbative~NP! corrections that are known; they can be fou
discussed in PYI and will be used in the estimation of t
error.

IV. NUMERICAL RESULTS

Using formula ~3.1! one evaluates the quark mass a
spectrum. The formula for other properties of heavy quar
nium systems, such as the hyperfine splitting and the de
of the Y into e1e2, are as in PYI. We take

L~nf54, three loops!50.2320.05
10.08 GeV @as~MZ

2!

.0.11420.004
10.006#, ~4.1a!

and for the gluon condensate, very poorly known,

^asG
2&50.0660.02 GeV4. ~4.1b!

This value of as(MZ
2) is slightly smaller than, though

compatible with, the world averageas(MZ
2)50.118. We
5-2
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have preferred our value, which is obtained by averag
measurements performed atspacelikemomenta; see the re
cent review of Bethke@8#.

Another matter to be discussed is the choice of the ren
malization pointm. As discussed in PYI a natural value fo
this parameter is

m5
2

na
, ~4.2!

for states with the principal quantum numbern, and this will
be our choice. For states withn51 the results of the calcu
lation will turn out to depend little on the value ofm, pro-
vided it is reasonably close to Eq.~4.2!. Higher states are
another matter; we will discuss our choices when we c
sider them.

The 10 state of b̄b and the mass mb . As stated, we select
for the Y state,m52/a. We then use Eq.~3.1! to obtain the
values of theb quark mass. The results are reported belo
the errors correspond to the errors in Eqs.~4.1a!, ~4.1b!. In
the estimate of the errors, the conditionm52/a is maintained
satisfied when varyingL, while for the error due to the varia
tion of m the other parameters are kept fixed~i.e., one no
longer has thenm52/a). The dependence ofmb on m should
be taken as an indication of the theoretical uncertainty of
calculation. With Schro¨der’s value forb1 ,

mb55.00120.061
10.097~L!

70.005~^asG
2&!10.037

20.025 ~vary m2 by 25%!

60.006 ~other th uncertainty!,

m̄b~m̄b
2!54.45420.015

10.028~L!70.005~^asG
2&!10.035

20.024

~vary m2 by 25%!

60.006 ~other th uncertainty!. ~4.3!

The values ofm2, as(m
2), ãs(m

2) are, respectively,

m256.632 GeV2, as~m2!50.246, ãs~m2!50.386.

The piece denoted by the expression ‘‘other th unc
tainty’’ in Eqs. ~4.3! refers to the error coming from highe
dimensional operators and higher order perturbative term
can be found discussed in PYI. It is comfortably smaller th
the errors due to the uncertainty inL, ^asG

2&. If we omit
these errors, so as not to double count them, and cons
that the theoretical error is only that due to varyingm2 by
25%, and compose all the errors quadratically, then we
tain the estimates reported in the Introduction, Eqs.~1.1!.

M (Y)2M (hb) and the decayY→e1e2. The expres-
sions for the hyperfine splitting and the decay of theY into
e1e2 are as in PYI. They depend onb1 only indirectly,
through the preferred values ofm, m. We have the numerica
results, using the Schro¨der calculation

M ~Y!2M~h!546.623.5
110.9~L!25.2

15.5~^asG
2&!211.1

18.3

~m256.632625 %! ~4.4!
07750
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G~Y→e1e2!51.0710.01
10.11~L!20.11

10.12~^asG
2&!20.26

10.21

3~m256.632625 %! ~4.5!

practically unchanged from PYI. Note that, when varyingL,
^asG

2&, we have variedmb according to Eq.~4.3!, but we
have not variedmb when varyingm. Note also that the cor-
rections are here fairly large, in particular, as a result of
large size of the radiative correction to the decay@9#. Com-
posing the errors as for theb quark we find the results re
ported in the Introduction.

Higher order NP corrections due to the higher dime
sional operators are also known for the decay rate~see PYI!.
Size corrections, however, are not known now.

The result for the decay is in reasonable agreement w
experiment,

Gexpt~Y→e1e2!51.32060.04 keV.

Higher states(n52) of b̄b. From Eq. ~4.2! a natural
choice of scale is nowm51/a52.860 GeV2. If we take this,
adding or subtracting a 25% to estimate the dependenc
the calculation on the choice of scale, then we obtain
results, with the Schro¨der value ofb1 ,

M ~20,th!2M ~20,expt!53632324
1310 MeV

~m252.86625 %!,

M ~21,th!2M ~21,expt!52082216
1205 MeV

~m252.86625 %!. ~4.6!

The 10 state of cc̄ and the mass mc . The value of the
parameterL used now, corresponding to that in Eq.~4.1a!, is

L~nf53,three loops!50.3020.05
10.09 GeV.

The values for thec-quark mass, deduced from theJ/c
mass, are now

mc51.86620.091
10.154~L!70.014~^asG

2&!10.149
20.096

~varying m2 by 25%!

60.014 ~ th uncertainty!,

m̄c~m̄c
2!51.54220.053

10.085~L!70.013~^asG
2&!10.138

20.089

~varying m2 by 25%!

60.013 ~ th uncertainty! ~S!, ~4.7!

andm252.460 GeV2 now. Composing the errors as for theb
quark, we find the results reported in the Introduction, E
~1.1!.
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V. DISCUSSION

The discussion of PYI holds valid for the calculatio
using both Peter’s and Schro¨der’s evaluations, with one poin
of difference. If we believe Schro¨der’s value ofb1 , then the
two-loop corrections are smaller. For example, with Pete
value we had

a1as /p.0.11, b1as
2/p2.0.14, ~P!,

while with Schröder’s the first is almost unchanged, but t
second becomesb1as

2/p2.0.081 (S).
We now would like to briefly reread our results within a

effective field theory framework~for example, see Ref.@10#!.
This formalism takes advantage of the existence of th
widely separated scales in heavy quarkonium systems:m,
mas , andmas

2. In this work, we have considered that on
can deal with the two first scales in a perturbative fashio@
as(m)!1 andas(mas)!1#. The rigorous procedure to b
certain about these assumptions is by checking the con
gence of the corrections. Moreover, one can also see
typical values ofm andmas are much larger thanL, espe-
cially for the n51 bottomonium state. We still have to ad
dress the question of how to deal with effects at the sc
mas

2, usually named retardation effects. One could won
whether to still work perturbatively at this scale. We do n
face this problem here since these eventual perturbative
fects first appear atO(mas

5), beyond the accuracy aimed
in this work. The leading nonperturbative effects, which a
es
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pear at scales ofO(mas
2) or smaller, have been taken int

account by considering the correction to the energy due
local condensates,dNPEnl . Depending on nonperturbativ
constants, the relative importance of this correction can
really be estimated until its explicit computation~although,
obviously,dNPEnl has to be smaller than the Coulomb bin
ing energy for consistency!. The use of local condensate
relies on the assumption that nonperturbative corrections
to higher dimensional condensates that are parametric
smaller by a factor ofL2/m2(CFas)

4 are indeed subleading
We have explicitly checked this assumption by comput
the next-to-leading nonperturbative corrections and comp
ing them with respect to the leading ones. It is true, howev
that these higher order corrections depend on poorly kno
condensates.

Let us finally note again that, although the pole massm is
correct toO(as

4), the MS parameterm̄ is only correct to
O(as

2).
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